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Abstract— We address the impact of a too short guard in-
terval (GI) length and time variations of the channel on the
symbol error ratio (SER) of an OFDM system. Provided
that the interference powers caused by these two effects
are equal, their impact on the SER of the system are also
identical. Both analytical and simulation results illustrate
our claim.
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I. INTRODUCTION

In OFDM systems, it is well known that the effect of
time variations of the channel causes intercarrier inter-
ference to the system. The effect of insufficient guard
interval length causes both intercarrier and intersymbol
interference. The interference powers caused by the first
and second mentioned effects above are exactly obtained
in [4] [5] [8]. Now, it is interesting to see the influences
of each of these effects on the symbol error ratio of the
system.

In this paper, section II presents the theoretical results
of the useful power for an OFDM system in the case of
insufficient guard interval length and on a time-varying
channel. This result can be used to calculate the total
interference power of the system. Section III shows how
we can evaluate the SER of an OFDM system with in-
sufficient guard interval length and on a Rayleigh fading
channel. Finally, simulation and theoretical results are
compared in section IV.

II. MATHEMATICAL DESCRIPTION OF USEFUL AND
INTERFERENCE POWER

Similar to [4], carrier and timing synchronization are
assumed to be perfect and all analyses are considered in
baseband. In the case of insufficient guard interval and
time-varying channel, the demodulated symbol dl,i on the
l[-th sub-carrier and the i-th OFDM symbol after taking
the Fourier transform is given [4] as follows:
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where Tg, T§, N¢ are the OFDM symbol duration, the
OFDM symbol duration plus GI, and the number of sub-
carriers, respectively. The subscripts n, [ denote the sub-
carrier index, and i, i’ represent the OFDM symbol index.
g(t) is the basic impulse of all sub-carriers defined in [4].
fs = 1/Ts is the sub-carrier spacing, and h(7,t) is the
channel impulse response (CIR). In the general case, the
demodulated symbol can be written as follows [4]:
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where dz £D and are the useful sym-
bol, the ICI contrlbutlon caused by the insufficient guard
length, the ICT contribution caused by the time variations
of the channel, and the ISI contribution, respectively. In
the following, we consider the system in the different cases
of the guard interval length conditions and the channel
models.

A. Sufficient guard length and time-varying channels

In this case, the IST and the ICI-CIG contributions does
not occur. The expression of the ICI-CTC power is es-
tablished by taking the autocorrelation of the ICI-CTC
contribution. The final result of the calculation of the
ICI-CTC power is obtained by Russel and Stiiber [8]:
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where R;(At),At = t —t/, is the time-correlation func-
tion of the channel transfer function (CTF), and Ej, is the
normalized channel variance [8] which can be written as:

En= [ p(r)dr, (4)
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where p(7) is the multi-path channel profile.

B. Insufficient guard length and time-invariant channels

In this case, the ICI-CTC contribution is not present.
The analytical results of the ICI-CIG and the ISI powers
are presented in [4]. If the difference between the maximal
time delay of the channel and the guard interval length
is much more smaller than the OFDM symbol duration
(Tmax — Te < Ts), then the total interference power is
well approximated as follows [4]:
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where Eg and p(7) are respectively the transmitted sym-
bol power and the multi-path channel profile.

C. Insufficient guard length and time-varying channels

In the more general case, all the components in Eq.
(2) must be taken into account. To analyze the effects
of the part of the CIR within the GI and the part out-
side GI on the demodulated symbol, the CIR is truncated
respectively into two parts. The first truncated channel
hi(7,t) is the part within the guard interval of the CIR
h(7,t), and the second truncated channel ho(7,t) is the
part outside.! According to the locations of the first and
the second truncated channel, the integration in the first
term of Eq. (1) with respect to the variable 7 is devided
in two periods. The first period is within 0 < 7 < T and
the second period is within T < 7 < Tjmax. The second
term of Eq. (1) is the ISI contribution and denoted as
diSl. Then, Eq. (1) is rewritten as:

lTS +Ts Ne

dl,i—_ { Z dnz/ )g(t_T_ZTS)
t=4T¢ 7=0
iTS/+Ts
T y— j2m(n—1)(t—iT§) 1
e Ts dT}e Ts dt + — /
Ts
t=1T},

/ ho(T,t)g(t — 7 — iT¢)e

T=T¢g

Nc—1
{ Z dn,i

n=0

—j2mnT
s dr

dISI' (6)

j2m(n—1)(t—iTg)
e Tg

In the first term of Eq. (6), it can be verified that g(t—7—
iT§) = 1 for all t and 7 in the integration bounds. Thus,
the integration result with respect to 7 is obviously the
CTF of the first truncated channel H;(nfs,t) on n-th sub-
carrier. To analyse the second term of Eq. (6), we separate

1See Fig. 1 in [4].

the integration with respect to t into two intervals. The
first integration interval is iTé <t< iTS’ + Tmax — L. The
second integration interval is {74 + Tmax — Tq <t < iT§+
Ts. In the second integration interval, it is straightforward
to confirm, that g(t — 7 —iT§) = 1 for V7 € (TG, Tmax)-
Therefore, equation (6) can be represented as
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The useful symbol can be picked out from the first three
terms of Eq. (7) by setting n = [. Then the integra-
tion bounds with respect to 7 in the second term can be
reduced since g(t — 7 —iT%) is equal to zero in a certain in-
terval and equal to one otherwise. Afterwards, the useful
symbol is obtained as follows:
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The autocorrelation of dNU- is used to calculate the use-
ful power Py. The mathematlcal expression of the useful
power is obtained as follows [see derivation in Appendix]:
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where Ts, TG, Tmax, and FEg are respectively the OFDM
symbol duration, the guard interval length, the maximal
time delay of the channel and the transmitted symbol
energy. The denotation Ey, = TT:GO p(T)dr and Ey, =
f::?p’; p(7)d7 are defined as the channel variance of the
first and the second truncated channel (Ey, = Ey,, + Ey,).
The total power Pr of the signal at the output of the FFT
consists of the useful power Py and the interference power
Py, and it is always equal to the product of the transmitted
symbol energy Eg and the channel variance Fy
Pr =FEy - Es. (10)
Therefore, we can calculate the interference power from
the useful power by using the following relationship:
Pr=Pr— Py. (11)
In the next section, we show how to obtain the SER of an
OFDM system using 16-QAM on each sub-carrier.

III. SYMBOL ERROR RATIO OF UNCODED OFDM
SYSTEMS

The symbol error ratio of OFDM systems depends on
many factors. For simplification, the uncoded system is
taken into consideration. 16-QAM modulation on each
sub-carrier is used. The SER for M-ary QAM on AWGN
channel is given in [7] as follows:
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where 7, is the instantaneous signal-to-noise ratio (SNR)
per symbol and erfe(-) is the complementary error func-
tion. For 16-QAM, M is replaced by 16 in equation (12).
To obtain the error probabilities on the time-varying chan-
nel with Rayleigh fading, the SER must be averaged over
the probability density function of v, given as follows [6]
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Fig. 1. Interference power versus FF'T length for different cases of

guard interval length conditions and channel model.

where 7, is the average SNR. In the OFDM sytem, the use
of the guard interval leads to different lengths of the im-
pulse responses of transmitting and receiving filters, and
results in mismatched filtering [3]. Consequently, the av-
erage SNR is lost by a factor of T5/T§. In general case,
the average SNR of an OFDM system is

Py Ty
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Pt — Py + Ny T/S7

(14)

where Ny is the noise variance. In the free additive noise
condition, the system suffers only from the interference
distortion. The signal-to-interference ratio (SIR) for an
OFDM system without GI is

" Pr—Py’

Replacing s in Eq. (13) by SIR in (15), then evaluating
the following integral

SIR (15)

SER = / P(3)p(7s)ds. (16)
0

The integration result of Eq. (16) gives the SER due to
interference distortion. So, Eq. (16) provides an estima-
tion to the SER due to interference distortion.

IV. SIMULATION RESULTS

In this section, all the simulations were performed
within the HiperLAN2 framework [1] and using 16-QAM
constellations. To analyse the dependence of the inter-
ference powers on the OFDM symbol duration, the FFT
length is varried. The channel model is adopted from the
channel model A described in [2]. The maximal Doppler
frequency on each tap for the case of time-varying channel
is selected to be 1000 Hz with the purpose that the FFT
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Fig. 2. The SER caused by ISI and ICI interferences for 16-QAM
on a time-varying channel; Additive noise is not taken into account.

length does not require to be chosen too large to see the
effect of the time variations of the channel. Otherwise,
the computation time would be rather long.

Fig. 1 shows the theoretical interference power for dif-
ferent cases of GI conditions and the channel model.

The simulation results of SER are plotted in Fig. 2,
where the theoretical results are also given for reference.
It can be seen that the analytical results of the SER in
Fig. 2 reflect also the analytical results of interference
powers in Fig. 1, where the minimum point of interfer-
ence power corresponds to the minimum point of SER.
It can be concluded that the interference power can be
caused by different effects which do not relate together
(insufficient GI length or time variations of the channel),
but their influences on the SER of the system are identical.

V. CONCLUSION

The paper provides a system analysis concerning inter-
ference power and symbol error ratio for an OFDM sys-
tem in the case of insufficient guard interval length and
on a time-varying channel. Even though the interference
contributions are caused from different sources, their in-
fluences on the SER of the system are equal. In the case of
insufficient guard interval length and time-varying chan-
nel, the system has optimal performance, when the two
different interference contributions are equal. This point
is important for the system design consideration.

APPENDIX

The expectation of the square value of the useful symbol
in Eq. (8) expresses the average useful power as follows:

Py =E[(df) -],

The useful symbol in Eq. (8) comprises three terms.

(17)

The first term is derived from the first truncated chan-
nel, and the two last terms are generated from the second
truncated channel. Considering both the cross-correlation
of the two truncated channels vanishes and the expression
of the autocorrelation of the transmitted data symbol

E [d?:l dl/,i/} = { Eg for 1=l ,i=i (18)
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equation (17) can be expanded as follows:
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In the above equation, the presence of the OFDM sym-
bol index ¢ can be omitted by changing the integration
bounds. The first and the second terms in Eq. (19) can
be further derived as follows:
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in the third term of (19), this term can be written as
follows:
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With the definition of the autocorrelation function of the
CIR [6]:

E[R*(1,t) h(T + AT, t + At)] = r(r,At) 5(AT),  (24)
it follows
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According to [6], the autocorrelation function of H(f,t),
R(Af,t—t), is the Fourier transformation of the autocor-
relation function of h(7,t), r(7,t—t'), with respect to 7. It
can be proven that R(Af,t —t') can be computed by the
product of two function R;(Af) and Ry (t — t), therefore
r(r,t —t') can be written as

r(r,t —t') = p(1) Ry(t — t'). (26)

Replacing the expression of the autocorrelation function
of the CIR from Eq. (24) into the last term of Eq. (19),
this term becomes
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Py, = r(r,t —t)dr
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dt' dt. (27)

Substituting the results from Eq. (20), (21), (25),
and (27) in Eq. (19), and using the expression of the au-
tocorrelation of the channel impulse response in Eq. (26),
yields the mathematical expression of the useful power
provided in Eq. (9).
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